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1. Introduction
Let X be a normal complete algebraic surface deﬁned over the ﬁeld C of complex numbers. We
say that X is a numerical del Pezzo surface if (−KX )2 > 0 and (−KX )C > 0 for every curve C on X
(with Mumford’s rational intersection number (cf. [17,23])). A numerical del Pezzo surface is called a
normal del Pezzo surface if its canonical divisor is Q-Cartier. A numerical del Pezzo surface is said to
have rank one if its Picard number equals one. As in Sakai’s classiﬁcation theory of normal compact
Moishezon surfaces (cf. [23,24]), the numerical del Pezzo surfaces of rank one appear as relatively
minimal normal compact Moishezon surfaces whose canonical divisors are not nef.
Numerical del Pezzo surfaces have been studied in many papers. For example, normal del Pezzo
surfaces with only Gorenstein singularities (Gorenstein del Pezzo surfaces) were studied by Hidaka
and Watanabe [7] and Ye [26], etc. Numerical del Pezzo surfaces of rank one containing non-rational
singular points were classiﬁed by Cheltsov [6] and Schröer [25]. Normal del Pezzo surfaces with
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Nikulin [1], Nikulin [19–21], Keel and McKernan [8], Nakayama [18], Zhang [27,28], etc. It is known
that a log del Pezzo surface of rank one has at most ﬁve singular points (see [8, §9]). Recently, Be-
lousov [4] (see [5] for another proof) proved that a log del Pezzo surface of rank one has at most four
singular points.
In the authors’ previous paper [9], some lemmas on log del Pezzo surfaces of rank one in [27, §2]
are generalized for normal del Pezzo surfaces of rank one with only rational singularities. In the
present article, we study normal del Pezzo surfaces of rank one with only rational log canonical sin-
gularities. In Section 4, by using mainly the lemmas in [9, §3], which are given in Section 2, we shall
classify such surfaces under some additional assumptions (see Theorem 4.1). By using Theorem 4.1
and some results on Q-homology planes (Q-acyclic surfaces) due to Palka [22], we prove the follow-
ing result.
Theorem 1.1. A normal del Pezzo surface of rank one with only rational log canonical singularities has at most
ﬁve singular points.
Terminology. A (−n)-curve is a smooth complete rational curve with self-intersection number −n.
A reduced effective divisor D is called an NC (resp. SNC) divisor if it has only normal (resp. simple
normal) crossings. We employ the following notations:
e(T ): the topological Euler characteristic of a topological space T.
KV : the canonical divisor on V .
ρ(V ): the Picard number of V .
#D: the number of all irreducible components in Supp D .
κ(S): the logarithmic Kodaira dimension of S (cf. [12,13]).
Σn (n 0): a Hirzebruch surface of degree n.
2. Preliminary results
Let X be a numerical del Pezzo surface of rank one and let π : V → X be the minimal resolution
of singularities. Assume that X has only rational singularities and Sing X = ∅. Then the anticanonical
divisor −KX is an ample Q-Cartier divisor (cf. [2]). So we call the surface X a normal del Pezzo
surface of rank one (cf. Section 1).
We recall some lemmas in [9, §3].
Lemma 2.1. (Cf. [9, Lemma 3.1].) With the same notations and assumptions as above, the following assertions
hold true.
(1) X is a rational surface.
(2) X is projective.
(3) X is Q-factorial, i.e., for any Weil divisor L on X, there exists an integer n > 0 such that nL is a Cartier
divisor.
Let D = ∑i Di be the reduced exceptional divisor, where the Di ’s are irreducible components
of D . By [2] and [3], we know that D is an SNC divisor and each connected component of D is a tree
of smooth rational curves. We often denote (V , D) and X interchangeably. There exists uniquely an
effective Q-divisor D# =∑i αi Di such that D# + KV ≡ π∗KX . We retain this setting below.
Lemma 2.2. (Cf. [9, Lemma 3.2].) With the same notations as above, the following assertions hold true.
(1) −(D# + KV ) is a nef and big Q-Cartier divisor.
(2) For any irreducible curve F , −F (D# + KV ) = 0 if and only if F is a component of D.
(3) Any (−n)-curve with n 2 is a component of D.
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Lemma 2.3. (Cf. [9, Lemma 3.3].) There exist no (−1)-curves E such that the intersection matrix of the divisor
E + D is negative deﬁnite.
By Lemmas 2.1(3) and 2.2(2), we know that, if C is an irreducible curve not contained in Supp D ,
then −C(D# + KV ) takes value in {n/p | n ∈ N}, where p is the smallest positive integer such that
pD# is an integral divisor. So we can ﬁnd an irreducible curve C such that −C(D# + KV ) attains the
smallest positive value. We denote the set of all such irreducible curves by MV(V , D).
Deﬁnition 2.4. (Cf. [28, Deﬁnitions 1.2 and 3.2].) With the same notations as above, we assume further
ρ(V ) 3.
(1) (V , D) is said to be of the ﬁrst kind if there exists a curve C ∈ MV(V , D) such that |C + D +
KV | = ∅. It is said to be of the second kind if it is not of the ﬁrst kind, i.e., |C + D + KV | = ∅ for
every curve C ∈ MV(V , D).
(2) Assume that (V , D) is of the second kind. (V , D) is said to be of type (IIa) if there exists a curve
C ∈ MV(V , D) meeting at least two (−2)-curves in Supp D . It is said to be of type (IIb) if there
exists a curve C ∈ MV(V , D) meeting only one component of D but it is not of type (IIa). It is
said to be of type (IIc) if it is neither of type (IIa) nor of type (IIb).
Lemma 2.5. (Cf. [9, Corollary 3.5].) If (V , D) is of the ﬁrst kind, then X has at most log terminal singular points.
The following lemmas are useful to consider the case where (V , D) is of the second kind.
Lemma 2.6. (Cf. [9, Lemma 3.6].) Assume that ρ(V )  3 and (V , D) is of the second kind. Then every curve
C ∈ MV(V , D) is a (−1)-curve.
Lemma 2.7. Suppose that V has a P1-ﬁbration Φ : V → P1 (i.e., Φ is a ﬁbration from V onto P1 whose
general ﬁber is isomorphic to P1). Then the following assertions hold true.
(1) The number of irreducible components of D not in any ﬁber ofΦ equals 1+∑F (#{(−1)-curves in F }−1),
where F moves over all singular ﬁbers of Φ .
(2) If a singular ﬁber F of Φ consists only of (−1)-curves and (−2)-curves, then the weighted dual graph of
F is one of the graphs (i)–(iii) in Fig. 1.
Proof. See [27, Lemma 1.5]. 
Lemma 2.8. (Cf. [9, Lemma 3.7].) With the same notations and assumptions as in Lemma 2.7, assume further
that there exists a singular ﬁber F such that it is of type (i) or (ii) in Fig. 1 and that C ∈ MV(V , D), where C is
the unique (−1)-curve in Supp F . Then every singular ﬁber G consists only of (−1)-curves and (−2)-curves
and so the dual graph of G is one of (i)–(iii) in Fig. 1. Moreover, if E1 and E2 (possibly E1 = E2) are the
(−1)-curves ⊂ SuppG, then Ei ∈ MV(V , D) for i = 1,2.
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the proof of [27, Lemma 2.3]. For the reader’s convenience, we reproduce the proof.
Lemma 2.9. Let C be a curve inMV(V , D). Assume that |C + D + KV | = ∅, C is a (−1)-curve and C meets at
least three components D0 , D1 and D2 of D. Then either G := 2C + D0 + D1 + D2 + KV ∼ 0 or there exists
a (−1)-curve Γ such that G ∼ Γ and Γ C = Γ Di = 0 for i = 0,1,2.
Proof. Since |C + D + KV | = ∅, we infer from [12, Lemma I.2.1.3] that CDi = 1 and DiD j = 0 for
0  i = j  2. So GC = GDi = 0 for i = 0,1,2 and G2 = GKV . Since h2(V ,G) = h0(V , KV − G) =
h0(V ,−2C − D0 − D1 − D2) = 0, we have
h0(V ,G) 1
2
G(G − KV ) + 1 = 1.
From now on, we assume that G  0. Then there exists an effective divisor Γ =∑ni Ei ∈ |G|, where
the Ei ’s are irreducible curves. Since ρ(V ) = 1 + #D , we may write C ≡ −a(D# + KV ) (mod D) and
Ei ≡ −ei(D#+ KV ) (mod D), where a, ei ∈Q; the congruence relation A ≡ B (mod D) of Q-divisors A
and B means that A− B ≡∑bi Di in NS(V )Q for some rational numbers bi ’s. By Lemma 2.2, we know
that a > 0, ei  0 and ei = 0 if and only if Ei ⊂ Supp D . Since G ∼∑ni Ei , we have G ≡ −∑i eini(D#+
KV ) (mod D). So, G(D# + KV ) = (−∑i eini)(D# + KV )2. On the other hand, G(D# + KV ) = 2C(D# +
KV )+KV (D#+KV ) = (−2a+1)(D#+KV )2. Since (D#+KV )2 > 0, we obtain −2a+1 = −∑i eini . We
note that ei  a provided ei > 0 because C ∈ MV(V , D). Then −2a + 1 = −∑ei>0 eini −a∑ei>0 ni .
Therefore,
∑
ei>0 ni  1.
Claim. C ∩ SuppΓ = Di ∩ SuppΓ = ∅ (i = 0,1,2).
Proof. If C ∩ SuppΓ = ∅, then Γ  C since Γ C = GC = 0. So, 0  Γ − C ∈ |Γ − C | = |G − C | =
|C+D0+D1+D2+KV | = ∅, a contradiction. If Di ∩SuppΓ = ∅ for some i (0 i  2), then Γ −Di  0
since Γ Di = 0. Since (Γ − Di)C < 0, we have 0 Γ − Di − C ∈ |Γ − Di − C | = |D0 + D1 + D2 − Di +
KV | = ∅, a contradiction. 
We consider the case
∑
ei>0
ni = 0. Then SuppΓ ⊂ Supp D . For every component Ei of Γ , we have
Γ Ei = (2C + D0 + D1 + D2 + KV )Ei  0. So Γ 2  0. Since the intersection matrix of D is negative
deﬁnite, we conclude Γ = 0. This is a contradiction. Therefore, ∑ei>0 ni = 1. Rewrite Γ = Γ0 + 	,
where Γ0 is an irreducible curve with Γ0 ⊂ Supp D and 	 is an effective divisor with Supp	 ⊂
Supp D . By the above claim, we have
Γ 20  Γ0(Γ0 + 	) = Γ0KV  Γ0
(
D# + KV
)
< 0.
So Γ0 is a (−1)-curve and Γ0	 = 0. For every irreducible component 	i of 	, we have (2C + D0 +
D1 + D2 + KV )	i  0. So 	2 = (Γ − Γ0)	 = Γ 	  0. This implies 	 = 0 because the intersection
matrix of D is negative deﬁnite. Therefore, G ∼ Γ = Γ0. 
3. Proof of Theorem 1.1
In this section, we prove Theorem 1.1.
Let X be a normal del Pezzo surface of rank one with only rational log canonical singularities
and let π : (V , D) → X be the minimal resolution of singularities, where D is a reduced exceptional
divisor. Theorem 1.1 is clear if ρ(V ) 5. So we may assume that ρ(V ) 6. If X has only log terminal
singular points, it follows from [4] (or [5]) that #Sing X  4. If (V , D) is of the ﬁrst kind, then X
has only log terminal singular points by Lemma 2.5 and so Theorem 1.1 follows. From now on, we
assume that (V , D) is of the second kind and that X contains at least one non-log-terminal singular
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assume further that (V , D) is not of type (IIa). Let C be a curve in MV(V , D). By the assumptions and
Lemma 2.6, |C + D + KV | = ∅ and C is a (−1)-curve. Let n = #Sing X and let D =∑ni=1 D(i) be the
decomposition of D into connected components.
Let D1, . . . , Dr exhaust all irreducible components of D meeting C . Since |C+D+KV | = ∅, we infer
from [12, Lemma I.2.1.3] that CDi = 1 for i = 1, . . . , r and that, for all i = j, Di and D j are contained
in different connected components of D . So we may assume that Di ⊂ Supp D(i) for i = 1, . . . , r. Set
ai = −(Di)2 for i = 1, . . . , r.
Lemma 3.1.With the same notations and assumptions as above, the set {a1,a2, . . . ,ar} is one of the following:
{
2r
}
,
{
n,2r−1
}
(n 3),
{
3,3,2r−2
}
,
{
4,3,2r−2
}
,
{
5,3,2r−2
}
,
where 2α signiﬁes that 2 is iterated α-times.
Proof. Let αi be the coeﬃcient of Di in D#. Then αi  1− 2ai by [27, Lemma 1.7] and so
0 > C
(
D# + KV
)
−1+
r∑
i=1
(
1− 2
ai
)
.
Suppose a1  a2  · · · as  3 (s r) and as+1 = · · · = ar = 2. Then
s − 1 <
s∑
i=1
2
ai
 2s
3
and so s < 3. If s = 2, then 1 < 2( 1a1 + 1a2 ), i.e., (a1 − 2)(a2 − 2) < 4. Therefore, (a1,a2) = (3,3), (4,3)
or (5,3). 
Lemma 3.2.With the same notations and assumptions as above, we have r  3.
Proof. If r  4, then we infer from Lemma 3.1 that (V , D) is of type (IIa). This is a contradiction. 
We consider the case r  2 in Lemmas 3.3–3.6.
Lemma 3.3. (Cf. [27, Lemma 4.3].) Suppose that one of the following two conditions holds:
(i) r = 1;
(ii) r = 2 and a2  3.
Let σ : V → W be the contraction of C and let B = σ∗(D − D1). Then we have:
(1) Every connected component of B can be contracted to a rational log canonical singular point.
(2) There exists a birational morphism g : W → X onto a normal projective surface X carrying at most ratio-
nal log canonical singularities such that W − Supp B ∼= X − Sing X and that g : W → X is the minimal
resolution of singularities of X .
(3) X is a normal del Pezzo surface of rank one with only rational log canonical singularities.
Proof. Note that the coeﬃcient of D2 in D# < 1 since C(D# + KV ) < 0. So we know that the con-
nected component of B containing σ(D2) can be contracted to a rational log canonical singular point.
Then the assertions (1) and (2) are clear from the construction of σ . We prove the assertion (3). Note
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that ρ(X) = ρ(W ) − #B = ρ(V ) − 1 − (#D − 1) = 1. Since D#  D and −(D# + KV ) is nef and big,
we know that κ(V − D) = −∞. By the assumption, it follows that σ ∗(B + KW ) = D + KV − (C + D1)
(resp. σ ∗(B + KW ) = D + KV − D1) in the case (i) (resp. the case (ii)). Hence κ(W − B) = −∞. By
using the same argument as in [9, Proof of Theorem 1.1(1) (p. 161)], we see that −KX is ample. 
Lemma 3.4. (Cf. [27, Lemma 4.4].) Suppose that r = 2. Then either D1 or D2 is a (−2)-curve.
Proof. Suppose a1  a2  3. With the notations as in Lemma 3.3, we know that σ∗(D1) is a (1− a1)-
curve on W and σ∗(D1) ⊂ Supp B . This contradicts Lemma 2.2(3) because a1 − 1 2. 
Lemma 3.5. With the same notations and assumptions as in Lemma 3.3, assume further that r = 1. Then
#Sing X  #Sing X.
Proof. Suppose to the contrary that #Sing X > #Sing X . Then D1 = D(1) is an isolated (−2)-curve in
Supp D , i.e., a1 = 2 and D1(D − D1) = 0. This is a contradiction because the intersection matrix of
C + D is then negative deﬁnite. 
Lemma 3.6. With the same notations and assumptions as in Lemma 3.3, assume further that r = 2. Then
either #Sing X  #Sing X or there exists a birational morphism ν : X → X1 such that X1 is a normal del
Pezzo surface of rank one with only rational log canonical singularities and #Sing X1 = #Sing X.
Proof. Since (V , D) is not of type (IIa), we may assume that a1 = 2 and a2  3. Suppose that
#Sing X > #Sing X . Then we can easily see that D1 = D(1) is an isolated (−2)-curve in Supp D and
a2 = 3, here we note that the intersection matrix of C + D is not negative deﬁnite.
We consider the case where D2 is a terminal component of D(2) . If D(2) is a linear chain (i.e.,
D(2) can be contracted to a cyclic quotient singular point), then C + D(1) + D(2) is linear. This is
a contradiction because the intersection matrix of C + D(1) + D(2) is then negative deﬁnite. Hence
D(2) is not linear. Since D(2) contains a terminal component that is not a (−2)-curve, we infer from
the list of the dual graphs of the minimal resolutions of the log canonical surface singularities (cf.
[10, pp. 57–58]) that D(2) can be written as D(2) = D(2)0 + T1 + T2 + T3, where D(2)0 is the unique
branch component of D(2) (i.e., D(2)0 (D
(2) − D(2)0 ) = 3), Ti (i = 1,2,3) is a connected component of
D(2) − D(2)0 , which is a linear chain. We may assume that D2 ⊂ Supp T1. Since the intersection matrix
of C + D1 + D(2) is not negative deﬁnite, it follows that the weighted dual graph of C + D1 + T1 + D(2)0
is given as in Fig. 2.
Let σ1 : V → W1 be the contraction of C + D1 + T1 and let B1 = σ1∗(D − D(2)0 ). As seen from the
proof of Lemma 3.3, we see that:
(i) Every connected component of B1 can be contracted to a rational log canonical singular point;
(ii) There exists a birational morphism g1 : W1 → X1 onto a normal projective surface X1 carry-
ing at most rational log canonical singularities such that W1 − Supp B1 ∼= X1 − Sing X1 and that
g1 : W1 → X1 is the minimal resolution of singularities of X1;
(iii) X1 is a normal del Pezzo surface of rank one with only rational log canonical singularities and
#Sing X1 = #Sing X .
It is clear that σ factors through σ1. So σ1 induces a birational morphism ν : X → X1.
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contraction of C + D1 and let B1 := σ1∗(D − D2). Then the above assertions (i)–(iii) hold true in this
case. So σ1 induces a birational morphism ν : X → X1 satisfying the conditions as in Lemma 3.6. 
It follows from Lemmas 3.5 and 3.6 that, by performing birational morphisms as in Lemmas 3.3
and 3.6, we may assume that CD  3 for any curve C ∈ MV(V , D). Hence, from now on, we may
assume that r = 3.
Lemma 3.7. Set S ′ := X − π(C). Then S ′ is a Q-homology plane, i.e., a normal surface with Betti numbers
of C2 .
Proof. Since X has only rational singularities, π(C) is a Q-Cartier divisor. Moreover, π(C) is am-
ple because ρ(X) = 1. So S ′ is aﬃne. It is clear that e(S ′) = 1 because e(X) = 3 and e(π(C)) = 2.
Since |C + D + KV | = ∅, each connected component of C + D is simply connected. We note that the
natural homomorphism H2(V ;Q) → H2(Supp D ∪ C;Q) is an isomorphism because C is irreducible,
the intersection matrix of D is negative deﬁnite, C ⊂ Supp D and ρ(V ) = 1 + #D . We infer from
[14, Lemma 2.1(3)], which holds true if we assume that X in [14, Lemma 2.1(3)] has only rational
singularities, that S ′ is a Q-homology plane. 
Let π : V → V be the contraction of Supp(D−(D(1)+D(2)+D(3))). Let S ′ = V −Suppπ∗(C+D(1)+
D(2)+D(3)). Then S ′ is a Q-homology plane by Lemma 3.7 and the pair (V ,π∗(C+D(1)+D(2)+D(3)))
is a minimal normal compactiﬁcation of S ′ , i.e., V is a normal complete surface and smooth along
Suppπ∗(C + D(1) + D(2) + D(3)), V −π∗(C + D(1) + D(2) + D(3)) ∼= S ′ , π∗(C + D(1) + D(2) + D(3)) is an
NC-divisor (infact, it is an SNC-divisor), and for any (−1)-curve C ′ ⊂ Suppπ∗(C + D(1) + D(2) + D(3))
we have C ′(π∗(C + D(1) + D(2) + D(3)) − C ′) 3.
Lemma 3.8. Assume that r = 3 and κ(V − (C + D)) 0. Then #Sing X  5.
Proof. Since V − (C + D) = S ′ − Sing S ′ , κ(S ′ − Sing S ′)  0 by the assumption. Since S ′ is a Q-
homology plane by Lemma 3.7, it follows from [22, Proposition 3.3] that #Sing S ′  2. Hence
#Sing X = 3+ #Sing S ′  5. 
Lemma 3.9. Assume that r = 3 and κ(V − (C + D)) = −∞. Then #Sing X = 4.
Proof. Since S ′ is a Q-homology plane with κ(S ′−Sing S ′) = −∞, it follows from [22, Proposition 3.3]
that either S ′ − Sing S ′ is aﬃne ruled, i.e., there exists a C-ﬁbration on S ′ − Sing S ′ over a curve,
or S ′ ∼= C2/G for some small non-cyclic subgroup G of GL(2,C). If the later case takes place, then
#Sing X = 4. So we may assume that S ′ − Sing S ′ is aﬃne ruled. Then every singular point of S ′ is a
cyclic quotient singular point (see [11, Theorem 1]). By [15, Theorem 2.7], there exists a C-ﬁbration
ϕ : S ′ → C onto the aﬃne line. Then we obtain a minimal normal compactiﬁcation (V ′, D ′) such
that D ′ contains a smooth rational curve D ′0 with (D ′0)2 = 0 and D ′0(D ′ − D ′0) = 1 and the curve
D ′0 is the ﬁber of P1 −C of the P1-ﬁbration on V ′ induced by ϕ . Hence we can construct inﬁnitely
many minimal normal compactiﬁcations of S ′ by taking elementary transformations on D ′0. On the
other hand, the boundary divisor π∗(C + D(1) + D(2) + D(3)) of the minimal normal compactiﬁcation
(V ,π∗(C + D(1) + D(2) + D(3))) of S ′ contains no irreducible curves of non-negative self-intersection
number. So S ′ has the unique minimal normal compactiﬁcation up to isomorphisms. This is a contra-
diction. Hence S ′ is not aﬃne ruled. 
The proof of Theorem 1.1 is completed if Theorem 4.1 is proved.
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In this section, we classify the normal del Pezzo surfaces of rank one and of type (IIa) with only
rational log canonical singularities. The main result of this section is Theorem 4.1, where we assume
further that X is not Gorenstein because the Gorenstein log del Pezzo surfaces are classiﬁed (cf. [16]
and [26], etc.).
Theorem 4.1. Let X be a normal del Pezzo surface of rank one and π : (V , D) → X the minimal resolution
of X , where D is the reduced exceptional divisor. Assume that X has only rational log canonical singular points
and is of type (IIa), i.e., there exists a curve C ∈ MV(V , D) meeting at least two (−2)-curves in Supp D and it
is not of the ﬁrst kind, and that X is not Gorenstein. Then we have:
(1) The divisor C + D is an SNC-divisor and the dual graph of D is given as (n) for n = 1, . . . ,14 in Section 5.1.
(2) There exists a P1-ﬁbrationΦ : V → P1 in such a way that the conﬁguration of C+D as well as all singular
ﬁbers of Φ can be explicitly described. The conﬁguration is given as (n) for n = 1, . . . ,14 in Section 5.2.
In what follows, we prove Theorem 4.1.
Let D1 and D2 be two (−2)-curves in Supp D meeting C . Lemma 2.6 implies that C is a (−1)-
curve. Since |C + D + KV | = ∅, the dual graph of each connected component of C + D is a tree by [12,
Lemma I.2.1.3]. Then the divisor F0 := 2C + D1 + D2 deﬁnes a P1-ﬁbration Φ := Φ|F0| : V → P1. By
Lemma 2.8, each singular ﬁber of Φ consists only of (−1)-curves and (−2)-curves and every (−1)-
curve in the ﬁber is an element of MV(V , D).
(I) The case where C meets a component D0 of D − (D1 + D2).
Set m = −(D0)2. By Lemma 2.9, we know that either G := 2C + D0 + D1 + D2 + KV ∼ 0 or there
exists a (−1)-curve Γ such that G ∼ Γ and Γ C = Γ Di = 0 for i = 0,1,2. We note that D0D1 =
D0D2 = D1D2 = 0 because the dual graph of C + D0 + D1 + D2 is a tree. We consider the following
two cases separately.
Case I-1: G ∼ 0. Since D0F0 = −D0(D0 + KV ) = 2, D0 is a 2-section of Φ . Here we note that D − D0
is contained in ﬁbers of Φ . Indeed, if Di is a component of D − (D0 + D1 + D2), then
0 Di F0 = Di(−D0 − KV ) 0.
So Di F0 = DiD0 = Di KV = 0. Hence, Di is a (−2)-curve contained in a ﬁber of Φ and DiD0 = 0. In
particular, D0 is isolated in D and D − D0 consists only of (−2)-curves. Thus, we see that X has at
most log terminal singular points.
It follows from ρ(V ) = 1+#D and Lemma 2.7(1) that every singular ﬁber of Φ has type (i) or (ii)
in Fig. 1. Applying the Riemann–Hurwitz formula to Φ|D0| : D0 → P1, we see that Φ has at most two
singular ﬁbers. Let u : V → Σn be the contraction of all (−1)-curves and consecutively (smoothly)
contractible curves in the ﬁbers of Φ . By Lemma 2.2(3), n = 0 or 1. Let Mn be a minimal section on
Σn and let  be a ﬁber of p := Φ ◦ u−1 : Σn → P1. Since u∗(D0) is a smooth rational curve and is a
2-section of p, we have u∗(D0) ∼ 2Mn + (n+ 1) and u∗(D0)2 = 4. Hence Φ has exactly two singular
ﬁbers F0 and F1. Write F1 = 2(E+D3 +· · ·+Dr−2)+Dr−1 +Dr with a (−1)-curve E and components
Di ’s of D . We see that 4 = u∗(D0)2 = −m + 2+ (r − 2). Then r =m + 4 7, here we note that m 3
since X is not Gorenstein. Hence the weighted dual graph of D is given as (1) in Section 5.1. The
conﬁguration of C + D + E looks like that in Fig. 3.
Set G0 = D0 + Dm+1 + 2Dm + · · · + (m − 1)D3 +mE . Then G0 deﬁnes a P1-ﬁbration Ψ := Φ|G0| :
V → P1, C and Dm+2 are sections of Ψ and D − Dm+2 is contained in ﬁbers of Ψ . Let Gi (i = 1,2)
be the ﬁber of Ψ containing Di . By considering ρ(V ) = 1+ #D =m + 6 and Lemma 2.7(1), we know
that the conﬁguration of C + D and all singular ﬁbers of Ψ is given as (1) in Section 5.2.
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Case I-2: G ∼ Γ is a (−1)-curve. In this case, there exists a (−1)-curve Γ with Γ ∼ G and Γ C =
Γ Di = 0 for i = 0,1,2. Since G = F0 + D0 + KV ∼ Γ and Γ D0 = 0, we have F0D0 = −D0(D0 +
KV ) = 2. So D0 is a 2-section of Φ . Since Γ C = Γ Di = 0 (i = 0,1,2), Γ is contained in a ﬁber, say F1,
of Φ . If the dual graph of F1 looks like that of (i) or (iii) in Fig. 1, then there exist a (−1)-curve E
(possibly Γ ) and a reduced effective divisor 	 with Supp	 ⊂ Supp D such that |E + 	 + KV | = ∅
and E ∈ MV(V , D). Then (V , D) is of the ﬁrst kind, a contradiction. Therefore, the dual graph of F1 is
given as (ii) in Fig. 1 and D0 meets F0 and F1 as in Fig. 4.
We claim that D−D0 is contained in ﬁbers of Φ . Indeed, suppose to the contrary that Di  D−D0
is not a ﬁber component of Φ . Then DiΓ = Di(F0 + D0 + KV ) Di F0  1. On the other hand,
Di F0 = Di F1  2DiΓ > DiΓ.
This is absurd. As in the previous case, we can prove that Φ has no singular ﬁbers other than F0
and F1, that r = m + i + 5  7 and that there exists a P1-ﬁbration Ψ : V → P1, one of whose sin-
gular ﬁbers is supported by D0,Γ, D3, . . . , Dm+i+2. Moreover, Dm+i+3 is a section of Ψ and other
components of D are ﬁber components of Ψ .
By the hypothesis, we know that if the divisor D0 + D3 + · · · + Dm+i+5 can be contracted to a log
terminal singular point then i = 0. If D0 + D3 + · · ·+ Dm+i+5 can be contracted to a log canonical but
non-log-terminal singular point, then i = 1 and m = 2. However, this is a contradiction because the
intersection matrix of D0 + D3 + · · · + Dm+i+5 is then not negative deﬁnite. Therefore, the weighted
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dual graph of D (resp. the conﬁguration of C + D and all singular ﬁbers of Ψ ) is given as (2) in
Section 5.1 (resp. Section 5.2).
(II) The case where C does not meet any component of D − (D1 + D2).
For i = 1,2, let i be the number of components of D − (D1 + D2) meeting Di . Since ρ(V ) =
1+#D , 1 + 2  1. Let F0, F1, . . . , Fr exhaust all singular ﬁbers of Φ . The weighted dual graph of Fi
(1 i  r) is one of the graphs (i)–(iii) in Fig. 1.
Assume that 1 + 2 = 1. We may assume that 1 = 1 and 2 = 0. Let D0 be the component of
D − D1 meeting D1. Then D − D0 is contained in ﬁbers of Φ and D0 is a section of Φ . We then infer
from Lemma 2.7 that the weighted dual graph of Fi (1 i  r) is one of (i) and (ii) in Fig. 1. Hence,
by considering the list of the dual graphs of the minimal resolutions of the log canonical surface
singularities (cf. [10, pp. 57–58]), we know that the dual graph of D (resp. the conﬁguration of C + D
and all singular ﬁbers of Φ) is given as one of (3)–(8) in Section 5.1 (resp. Section 5.2).
From now on, we assume that 1 + 2  2. We consider the following cases separately.
Case:  i  2 for i = 1 or 2. We may assume that 1  2. Let D3 and D4 be components of D − D1
meeting D1. Then D3D1 = D4D1 = 1 and so D3 and D4 are sections of Φ . Since |C + D + KV | = ∅ as
we assume that (V , D) is of the second kind, D3D4 = 0. By virtue of Lemma 2.8, we know that:
Claim. Every singular ﬁber F ofΦ other than F0 has type (iii) in Fig. 1. Moreover, D3 and D4 meet F in distinct
(−1)-curves.
We infer from the above claim that 1 = 2 and 2  2. By Lemma 2.7(1), there are exactly 1 +
2 − 1 singular ﬁbers of Φ other than F0. Set ai = −(Di)2 for i = 3,4. We consider the following
subcases separately.
Subcase: (1, 2) = (2,0). In this subcase, there exists one singular ﬁber F1 of Φ other than F0. By
the above claim, we know that the conﬁguration of C + D and all singular ﬁbers of Φ looks like that
of Fig. 5.
Let μ : V → Σa3 be the contraction of all (−1)-curves and consecutively (smoothly) contractible
curves in the ﬁbers of Φ except for those meeting D3. Since μ∗(D3)μ∗(D4) = 0 and μ∗(D3)2 = −a3,
we have a4 = m − a3 + 1. Moreover, since C, E1, E2 ∈ MV(V , D) (see Fig. 5), the coeﬃcients of D1,
D3, D4 in D# are the same. So, a3 = a4 = (m + 1)/2. Hence the weighted dual graph of D (resp. the
conﬁguration of C + D and all singular ﬁbers of Φ) is given as (9) in Section 5.1 (resp. Section 5.2).
Subcase: (1, 2) = (2,1). In this subcase, there exist exactly two singular ﬁbers F1 and F2 other
than F0. Write
F1 = E1 + G1 + · · · + Gk + E2, F2 = E3 + H1 + · · · + H + E4,
where E1G1 = G1G2 = · · · = GkE2 = E3H1 = H1H2 = · · · = HE4 = 1. Let D5 be the component of D
such that D5D2 = 1. Set a5 = −(D5)2. We may assume that Di (i = 3,4,5) meets F1 and F2 as in
Fig. 6.
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Let u : V → Σa3 be the contraction of all (−1)-curves and consecutively (smoothly) contractible
curves in ﬁbers except for those meeting D3. Then we have
a3 = u∗(D5)2 = −a5 + 1+ i + j, a3 = u∗(D4)u∗(D5) = i + j
and so a5 = 1, which is a contradiction. Therefore, this subcase does not take place.
Subcase: (1, 2) = (2,2). Let D5 and D6 be the two components of D − D2 meeting D2. Then
D5D2 = D6D2 = 1. We may assume that, for D5 and D6, the above claim holds. Let u : V → Σa3
be the contraction of all (−1)-curves and consecutively (smoothly) contractible curves in ﬁbers ex-
cept for those meeting D3. Since u∗(D5)2 = u∗(D6)2 = a3  2, we may assume that D3, D4, D5, D6
meet singular ﬁbers as in Fig. 7.
We note that, in this subcase, there exist exactly three singular ﬁbers F1, F2 and F3 other than
F0 and that F1, F2 and F3 are of type (iii) in Fig. 1. But then u∗(D5)u∗(D6) = 1 = a3. This is a
contradiction. Therefore, this subcase does not take place.
Case: (1, 2) = (1,1). Let D3 (resp. D4) be the component of D meeting D1 (resp. D2). Note that
D3D4 = 0. Since |C + D+ KV | = ∅, we know that there exist no singular ﬁbers of type (ii) in Fig. 1. Let
F0, F1, . . . , Fm be all singular ﬁbers of type (i) in Fig. 1 and let F := Fm+1 be the unique singular ﬁber
of type (iii) in Fig. 1. We then infer from |C + D + KV | = ∅ that D3 and D4 meet different components
in Fi (i = 0,1, . . . ,m) and that at least one of D3 and D4 meets a (−1)-curve, say E1, in F . We may
assume that D3 meets E1. Write F = E1 + R1 + · · ·+ Ra + E2. Then the conﬁguration of C + D and all
singular ﬁbers of Φ looks like that in Fig. 8, where we set Ra+1 = E2 if b = 0.
Since −E1(D#+KV ) > 0, the coeﬃcient of D3 in D# < 1. Hence we know that m 2. In particular,
the connected component of D containing D1 can be contracted to a log terminal singular point. Set
ai = −(Di)2 for i = 3,4. Let u : V → Σa3 be the contraction of all (−1)-curves and consecutively
(smoothly) contractible curves in ﬁbers of Φ except for those meeting D3. Since u∗(D3)u∗(D4) = 0
and u∗(D4)2 = −a4 +m + 1+ a − b + 1, we have a − b = a3 + a4 − (m + 2).
We consider the case m = 2. If b = 0, by inducing the equality −E1(D# + KV ) = −E2(D# + KV )
since E1, E2 ∈ MV(V , D), we know that a3 = a4. In particular, a = 2a3 − 4. Hence the weighted dual
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Fig. 8. The conﬁguration of C + D and all singular ﬁbers of Φ in Case: (1, 2) = (1,1).
graph of D (resp. the conﬁguration of C +D and all singular ﬁbers of Φ) is given as (10) in Section 5.1
(resp. Section 5.2). Suppose that b  1. Since X has only log canonical singular points, we know that
a = b = 1. Then a3+a4 =m+2 = 4 and so a3 = a4 = 2. This is a contradiction because the intersection
matrix of the connected component of D containing D4 is then not negative deﬁnite.
We consider the case m = 1. Then a − b = a3 + a4 − 3  1. Suppose that b = 0. Then, since
E1, E2,C ∈ MV(V , D), we know that a3 = a4. So a = 2a3 − 3 and hence the weighted dual graph of D
(resp. the conﬁguration of C + D and all singular ﬁbers of Φ) is given as (11) in Section 5.1 (resp.
Section 5.2). Suppose that b = 1. Then, by considering E1, E2,C ∈ MV(V , D), we know that a3 = a4. So
a = 2a3 −2 and hence the weighted dual graph of D (resp. the conﬁguration of C + D and all singular
ﬁbers of Φ) is given as (12) in Section 5.1 (resp. Section 5.2). Suppose that b  2. Since X has only
log canonical singular points and a − b + 1 = a3 + a4 − 2  2, we know that a = 3 and b = 2. Then
a3 + a4 = a − b + 3 = 4 and so a3 = a4 = 2. This is a contradiction because the intersection matrix of
the connected component of D containing D4 is then not negative deﬁnite.
We ﬁnally consider the case m = 0. Then a − b = a3 + a4 − 2 2. Suppose that b = 0. Then, since
E1, E2,C ∈ MV(V , D), we know that a3 = a4. So a = 2a3 − 2 and hence the weighted dual graph of D
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(resp. the conﬁguration of C + D and all singular ﬁbers of Φ) is given as (13) in Section 5.1 (resp.
Section 5.2). Suppose that b = 1. Then, by considering E1, E2,C ∈ MV(V , D), we know that a3 = a4.
So a = 2a3 − 1 ( 3) and hence the weighted dual graph of D (resp. the conﬁguration of C + D and
all singular ﬁbers of Φ) is given as (14) in Section 5.1 (resp. Section 5.2).
Suppose that b  2. Then the dual graph of the connected component of D containing D4 is
given as in Fig. 9, where every component except for D4 is a (−2)-curve. We note that #A = 2,
#B = a − b ( 2) and #C = b − 1 ( 1).
Let d(∗) denote the absolute value of the determinant of the intersection matrix of ∗. Since X has
only log canonical singular points and #B  2, we know that {d(A),d(B),d(C)} is one of the following
up to permutations:
{2,3,3}, {2,3,4}, {2,3,5}, {3,3,3}, {2,4,4}, {2,3,6}.
If {d(A),d(B),d(C)} = {3,3,3}, then a4 = 2. This is a contradiction because the intersection matrix of
D(1) is then not negative deﬁnite. So {d(A),d(B),d(C)} = {3,3,3}. Since d(A) = 3,4,5 or 6, we know
that a4 = 2 or 3. In particular, d(A) = 3 (if a4 = 2) or 5 (if a4 = 3). So {d(A),d(B),d(C)} = {2,4,4}.
Suppose that {d(A),d(B),d(C)} = {2,3,3}. Then b = 2 and a = 4. So a − b = 2 = a3 + a4 − 2 = a3.
This is a contradiction because X is not Gorenstein. If {d(A),d(B),d(C)} = {2,3,4}, then a4 = 2 and
3 = a−b = a3 +a4 −2 = a3. This contradicts E2 ∈ MV(V , D) because −E2(D# + KV ) > −E1(D# + KV ).
If {d(A),d(B),d(C)} = {2,3,5}, then b = 2. If a4 = 2, then a − b = 4 = a3. So a = 6. This contradicts
E2 ∈ MV(V , D) because −E2(D# + KV ) > −E1(D# + KV ). If a4 = 3, then a − b = 2 = a3 + 1, which
contradicts a3  2. If {d(A),d(B),d(C)} = {2,3,6}, then b = 2, a4 = 2 and a − b = 5. This is a contra-
diction because the intersection matrix of the connected component of D containing D4 is then not
negative deﬁnite.
The proof of Theorem 4.1 is thus completed.
5. The dual graphs and the conﬁgurations in Theorem 4.1
5.1. List of the dual graphs in Theorem 4.1
In the following list of weighted dual graphs, the numbers in brackets coincide with the classifying
numbers in Theorem 4.1; we omit the weight corresponding to a (−2)-curve.
(1)
(m 3)  
−m
 

         
m−1︷ ︸︸ ︷
(2)
   

         
m︷ ︸︸ ︷

−m
(m 3)
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(1 r 4, m 3})
          
r︷ ︸︸ ︷



−m



         
r︷ ︸︸ ︷
(4)
  
−m
   (m 3)
(5)
  

 
−m
 (m 3)
(6)
   
−m

   (m 3)
(7)
   
−m

 

 (m 3)
(8)
    
−m

   (m 3)
(9)
           
m︷ ︸︸ ︷
 
−m+12
 
−m+12
(m is odd and m 5)
(10) 


−m



 


−m




          
2m−4︷ ︸︸ ︷
(m 3)
(11)
 
−m
  
−m
           
2m−3︷ ︸︸ ︷
(m 3)
(12)
 
−m
  
−m

         
2m−2︷ ︸︸ ︷
(m 3)
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 
−m
 
−m
          
2m−2︷ ︸︸ ︷
(m 3)
(14)
 
−m
 
−m
         
2m−1︷ ︸︸ ︷
(m 3)
5.2. List of the conﬁgurations in Theorem 4.1
In the following list of conﬁgurations, the numbers in brackets coincide with the classifying num-
bers in Theorem 4.1; a dotted line stands for a (−1)-curve; a solid line stands for a component of D;
the self-intersection number of a (−2)-curve is omitted; a line with ∗ on it is not a ﬁber component
of the vertical P1-ﬁbration on V .
(1)
∗
∗




























D1




























D2






      


 D4+m
m−1︷ ︸︸ ︷






















D0
−m
                                                                                           C
(2)
∗
∗






























































      


m−1︷ ︸︸ ︷
−m












                                                                                           C
(3)
∗ −m
















C


r︷ ︸︸ ︷
         


















(4)
∗ −m































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∗ −m


















          
(6)
∗ −m


















































(7)
∗ −m




































          
(8)
∗ −m




















       




       


(9)
∗
∗
−m+12
−m+12
        

























      


















m︷ ︸︸ ︷
(10)
∗
∗
−m
−m









































































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